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Analysis and modelling

AbstrAct
Purpose: In the paper the possibilities of Thiessen polygons (THP) application in numerical modelling of 
solidification process are presented. The control volumes of THP shapes (2D task is considered) are very 
convenient both for the construction of effective and exact control volume method algorithm and allow in a 
simple way to approximate the real shape of domain considered. Additionally the positions of CV central points 
can be selected in a optional way.
Design/methodology/approach: The control volume method algorithm bases of the energy balances for 
successive CV. They are constructed under the assumption that the boundary-initial problem considered is 
non-linear and the evolution of latent heat is taken into account using the one domain approach (the substitute 
thermal capacity of material is introduced).
Findings: The method here presented allows to determine the transient temperature field in a non-homogeneous 
system casting-mould and to observe the course of casting solidification. The local cooling (heating) curves can 
be found at the optional set of points from the casting-mould system. The heat transfer model can be additionally 
supplemented by the model concerning the macrosegregation process.
Practical implications: The control volume method in a version presented in this paper can be an effective numerical 
tool both on the stage of foundry technologies design and also in the case of existing technologies analysis.
Originality/value: The coupling of the concept of Thiessen polygons application for 2D domain dicretization 
with the control volume method approach seems to be the original achievement of the authors of this paper.
Keywords: Numerical techniques; Control volume method; Thiessen polygons

1. Introduction 
The thermal processes proceeding in the solidifying casting 

volume can be described by the following energy equation [1-5] 
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where c(T) is a volumetric specific heat, (T) is a thermal 
conductivity, L is a volumetric latent heat, fS is a volumetric solid 
state fraction at the point considered, T, x, t denote the 
temperature, spatial co-ordinates and time. If one considers the 

2D domain oriented in the Cartesian co-ordinate system x = 
{x1, x2} then 
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One can see that equation (1) concerns only the heat 
conduction process and this task will be below considered. 

Assuming that fS is a known function of temperature one has 
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In this place the macrosegrgation effects can be taken into 
account [6]. So, one obtains the following form of equation (1) 
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or
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where C(T) is a substitute thermal capacity of metallic alloy 
[7,8,9]. One can see that if fS = 0 (molten metal) or fS = 1 (solid 
state) then dfS/dT = 0 and parameter C(T) corresponds to the 
volumetric specific heat of liquid or solid state. In the interval of 
temperatures [TS, TL] (mushy zone subdomain) the evolution of 
latent heat take place and then the both components of C(T) must 
be considered. Because the equation (5) concerns the whole, 
conventionally homogeneous casting domain, the description of 
solidification basing on this equation belongs to the group of one 
domain models [10, 11]. 

The last equation describes the alloys solidification but it can 
be also used in the case of pure metals. Then the solidification 
point T * should be in an artificial way substituted by a certain 
interval [T * T, T *+ T] for which the substitute thermal capacity 
is defined [2]. In literature (e.g. [1]) one can find the different 
formulas determining the course of fS or directly C(T). Generally 
speaking if the substitute thermal capacity is directly defined, then 
the condition resulting from the real value of the change of alloy 
physical enthalpy, namely 
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where cP is a volumetric specific heat of mushy zone must be 
fulfilled. In this paper (see: next chapters) the substitute thermal 
capacity of Al-Si alloy has been approximated by a polynomial 
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The coefficients ak have been found on the basis of 
condition (6) and additionally the following conditions have 
been taken into account: C(TS) = cS, C(TL) = cL (cS and cL are 
the volumetric specific heats of solid and liquid corresponding 
to temperatures TS and TL), dC(T=TS)/dT = 0, dC(T=TL)/dT = 
0. In this way the differentiable and continuous function C(T)
has been obtained  Figure 1. 

The energy equation for casting domain is supplemented 
by a similar one concerning the mould 
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where cM(T) is a mould volumetric specific heat, M(T) is a 
mould thermal conductivity. On the contact surface between 

casting and mould the continuity of heat flux and temperature has 
been assumed (the 4rd kind boundary condition), on the external 
surface of the mould the Robin condition has been accepted 
(continuity of heat flux). Additionally for time t = 0 the initial 
casting and mould temperatures has been known (initial 
conditions). Presented above mathematical model of thermal 
processes proceeding in the system casting-mould constituted a 
basis for CVM algorithm construction. 

Fig. 1. Substitute thermal capacity 

2. Control volume method 
The control volume method (CVM) constitutes the  effective 

tool for numerical simulations of heat transfer processes [12]. The 
domain analyzed is divided into N volumes. The CVM algorithm 
allows to find the transient temperature field at the set of nodes 
corresponding to the central points of control volumes. The nodal 
temperatures can be found on the basis of energy balances for 
successive volumes. In this paper the 2D control volumes 
correspond to the Thiessen polygons [13,14] (the sectors joining 
the neighboring nodes are perpendicular to the surfaces limiting 
the control volumes  see: Fig. 2). 

Let us consider the control volume V0 with central node x0.
It is assumed here that the thermal capacities are concentrated in 
the nodes representing elements, while thermal resistances are 
concentrated in the sectors joining the nodes  Figure 2. 

Fig. 2. Control volume V0

The change of enthalpy of control volume V0 equals 
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where C0
f is the volumetric specific heat, f, f+1 denotes two 

successive time levels. The definitions of C0
f can be different. The 

simplest approach reduces to the assumption that in place of C0
f

the substitute thermal capacity corresponding to the temperature 
T0

f at the node x0 for time t f is introduced, but in literature (e.g. 
[2]) one can find the more complex formulas. 

Now we assume that the heat fluxes flowing to the V0 are 
proportional to the temperature differences between nodes 0 and e
at the moment t = t f, then we shall obtain a solving system of the 
type 'explicit scheme'. So 
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where R0e
f is a thermal resistance between points x0 and xe, Ae

is a surface limiting the domain V0 in direction e, t is a time step 
( t = tf+1 – tf ). If we denote as h0 and he the distances from central 
point x0 to surface Ae and from this surface to point xe then 

f
e

e
f

f
e

hh
R

0

0
0  (11) 

It should be pointed out that for boundary control volumes 
near the contact surface casting mould the thermal conductivities 

0
f and e

f can correspond to different materials (casting and 
mould). The thermal resistance of CV being in thermal contact 
with an environment (near the external surface of mould) in 
adequate direction e 'to the boundary' equals 
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where [W/(m2 K)] is a heat transfer coefficient, at the same 
time in formula (10) in place of Te

f the ambient temperature Ta
must be introduced. 

Let us write the balance equation in explicit scheme 
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In order to assure the stability of above explicit scheme the 
coefficient W0 must be positive. Obtained in this way system of 
equations for successive central nodes x0 can be solved using 'step 
by step' procedure. The details concerning the generation of the 
mesh created by the Thiessen polynomials can be found in [3,4]. 

3. Example of computations 

We consider the 2D casting made from Al-Si alloy (5% Si) 
shown in Figure 3. The thermophysical parameters of subdomains 
are the following: cS = 2.943 106, cL = 3.07 106, cP = 3 106

[J/(m3 K)], S = 250, L = 104, P = 177 [W/(m K)], L = 990.6 106

[J/m3], TS = 577, TL = 650 [ C], cM = cCore = 1.5 106  [J/(m3 K)],  
M = Core = 0.7 [W/(m K)]. 

The domain has been divided into the control volumes, at the 
same time the different mesh densities have been taken into 
account (mean surface of CV section equals 33.53, 17.76, 5.82 
[mm2] corresponding – e.g. Figure 4). In Figures 5, 6, 7 the results 
of computations (cooling and heating curves) are shown. The 
position of points A (Mould), B (Casting), D (Core) have been 
located at the same places for every meshes. It turned out that for 
different mesh densities the results of simulations are practically 
very close. This fact confirms that the sufficiently exact results of 
simulations can be obtained even in the case of small number of 
nodes and this fact seems to be a very essential from the practical 
point of view. 

Fig. 3. Domain considered, A, B, C, D – constant control points 

Fig. 4. The example of mesh 

2.		control	volume	method
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Fig. 5. Heating curves at point A

Fig. 6. Cooling curves at point B

Fig. 7. Heating curves at point D
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