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Analysis and modelling

Purpose: The material piercing process is an extremely complex phenomenon for the theoretical analysis. This
is connected with the fact that the materials used mainly for ballistic shields may not be treated as isotropic
media. The description of piercing of ballistic shields made of light weight composite materials, on the basis of
the Hooke’s model and the Young’s module reflects the too low result effectiveness for practical applications.
The purpose of this article is the mathematical description of the impact phenomenon of a bullet of the speed
ca. 400 m/s, with the use of a degenerated model.

Design/methodology/approach: In the study, an attempt has been made to apply an untypical model for the
piercing phenomenon analysis. Basing on the model, the theoretical analysis of the piercing phenomenon in
quasistatic and dynamic load conditions, in the impact load form, has been carried out.

Findings: This analysis enabled derivation of significant conclusions useful in the design process of effective
ballistic shields.

Research limitations/implications: In the study, the concept has been assumed that a dynamic model simple
as possible, that may be analyzed not only by numerical methods but also (at least approximately) with the
mathematical analysis methods, may provide significant directions concerning material piercing.

Practical implications: The use of so called degenerated model allows to describe the phenomenon in more
detail at various piercing speeds what extends the possibilities in the sphere of designing the optimum ballistic
shields and of identification of the properties of materials applied for construction of shields.
Originality/value: The proposed method of identification of material properties in the piercing process, within
the relation: force — deformation, is a novel one since the essence of the identification is the standard rheological
model in an adequate plastic component describing the viscous attenuation with dry friction.
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1. Introduction complex and difficult to conduct because of the fact that the
damage process is not usually univocal but it consists of several
stages. According to Greaves [1-2] destruction occurring during
the dynamical penetration should be divided into two phases. He
claims that the first phase with indentation and shear is
predominating and the most energy consuming (the biggest part
of the energy is absorbed in this phase). To similarly conclusions
came Zhu, Goldsmith and Dharan dividing penetration laminates
made out of Kevlar into three stages: indentation, perforation and
final stage. However, the experimental data with light weight

To create more and more effective protection for human or
vehicles, there is necessary to create very effective and light
ballistic shields (e.g. composite materials). For military
application such materials as sandwich panels with reinforcing of
plastic fibers or structures made of laminates are more and more
popular. These materials have high resistance characteristics for
impact loads. However, the he strict mathematical analysis of the
piercing process for the light weight material structures is very
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composite materials put through quasi-static piercing conducted
by the authors of study [3-4] points out that in final stage the
different theoretical model focusing on the first and second phase
should by taken. Description of this process, however, is done
solely on the based on determination of substitute rigidity values
deriving from the general elasticity theory for isotropic bodies.
[5-6]. Also non-classical ways for modeling, synthesis, analyzing
and testing fragility of models can be found in paper [7-17]. In the
present work, the author suggests another strategy wherein not
only pure elastic interactions are assumed in the theoretical
model, but also dissipative components in an appropriate (non
parallel) configuration with the elastic components. Such model
allows a more precise description of the piercing process in which
the relation of the characteristic curves ,,force — deformation” on
the speed of the deformations occurring is observed often, what
does not happen for the pure elastic liner model case [23].

2. Description of the approach

In the present work, the premises as follow have been used for
taking the piercing model:

1) the predominating role in the piercing process is played by the
material sphere directly adhering to the piercing material
(bullet),

2) for the analysis, it has been assumed that the bullet does not
subject to deformation,

3) shield vibration after the impact are on irrelevant level for the
bullet movement in the shield (the wave propagation speed in
the shield is slow with relation to the bullet movement),

4) the material damage process within the impact scope has been
divided into two stages:

— stage I, wherein the resilient deformation (that does not
destroy the material) occurs,
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— stage I, wherein the irreversible deformation (the
material is destroyed) occurs.

It has been assumed for the stage | and, first of all, in the
stage Il, energy losses have been taken into consideration
(the shield material reaction forces on the bullet have been
assumed as proportional to the deformation speeds. In
addition, during the stage Il, the dry friction component
has been introduced),

5) it has been accepted that the joint of shield and an inertia-type

impact system has been made in an ideally elastic way.

It has been intended that the character of the acting force
changes considerably after the force exceeds the value of h as dry
friction during movement of the bullet in the material being
pierced in the stage Il.

The diagram of the model accepted a priori has been
presented in Fig. 1, where:

X — aconstant describing the bullet movement in the shield,

Xo — a constant describing the shield shift,

U — avariable describing the I stage of deformation,

& — avariable describing the deformation stage II,

C; — a constant describing the static rigidity of the material of

stage |,

Co — a constant describing the dynamic rigidity of the

material of the stage I,

C, — a constant describing the shield fixing,

ko — attenuation of the deformation stage I,

h — dry friction of the deformation stage II,

k — attenuation of the deformation stage II.

The bullet movement with respect to the inertia-type
(immovable) reference system is defined with a variable x(t)
being the sum of the shift of the shield xo, the reversible
deformation u of the shield and the irreversible deformation
& describing the values of the shield damage, i.e. in accordance
with the relation (1).

X0
—»

A

m - mass of shield

.- reversible boundary deformation
& -irreversible deformation of shield

Hg

m - Mass of bullet

Fig. 1. The diagram of the model assumed (a) in the piercing process (b)
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X=Xg+U+& 1)

As shown above, within the scope of reversible deformations,
the standard rheologic model has been assumed (so called Zener
Model [18]). It includes the Maxwell component characterized
with the constants kg, o, in a parallel connection with the Hooke’s
component of the constant c;. Let us notice that at a rigid shield
fixing, it may be accepted: ¢, = «. What is more, the assumed
model allows also an account of simpler material models, as
follows:

o ideally elastic material (it should be assumed that ¢, = 0),

o ideally plastic material (assume: ¢; =0, ¢y =oc ),

o elastic / plastic material (cy =oc ),

e material of a constant (independent of the deformation speed)

plasticity limit (assume k = 0).

In the assumed model all constants: ¢,, h, k, ¢, kg, ¢o may be
determined experimentally, e.g.: at static loads, at quasistatic
piercing tests (at given deformation speeds) as well as at dynamic
load conditions, applying adequate identification methods for
degenerated models [19-21].

3.Description of achieved
results
3.1. Static load

In the event of a constant piercing force, S(t) = Sy = const, the
movement differential equations are as follow:

Mo¥o +C;Xg = So 2
hSgné + k& =S, for Sy > h (3)
E=0for Sp<h @
o+ Colu—2)=Sg (5)
ko2 =colu—2) (6)

From the equations written above, it follows:

Sy S
xO<t):c—f—c—jcoswot, a’o—\/% %
&) =& =const for Sg<h (8)
§(t):§0+(so_hjt for So >h ©)

& - the plastic strain at the initial instant, i.e. at the moment the
force Sy is applied. For the system unloaded earlier &, =0. If the
force Sy > h, the plastic deformation & increases in time at

a constant speed é:SOT_h. However, if the force Sy < h, then

the plastic deformation is constant and equal to the initial value
& - Eliminating of variable ,,z” from (5) and (6) we get following

equation:
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k,U+cu=Sg (10)

Where k;, is constant:

k, =kg 27% _ k0(1+ ij (11)
Co Co

We’ll call k, substitute attenuation. In the event of constant force
Sp degenerated element works identical with Kelvin — Voigt
model employing substitute attenuation. Solution of the equation
(10) for zero starting condition is as follows:

S -
ult)==2{1-e (12)
G

The plot of the function u(t) in the form (12) is presented in
Fig. 2.

o
t

Fig. 2. The graphic form of the deformation of a component
degenerated under influence of a constant load Sy

We can observe when ¢y = o« (Kelvina — Voigt model)
changes only value of coefficient k, to value k and character of
dependence u(t) remains unchanged. However in case, when
ko = 0 (model Hooke’a) k, = 0 for any values cq, ¢;. Than

(13)

means, that deformation is immediate from zero value to constant

So . Observing, cases when load of real sample is slow changing,
G

same as with static loads, simplified Hooke’s model is justified

. . .S .
because time interval to value determine 22 can be omitted. The
G

situation is, however, quite different in the case of short-term
dynamic loads, wherein the momentary behavior of the material
may be of the deciding influence upon the system motion. This
happens in particular in the case of penetration of the shield by the
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bullet. In a case of ¢, = «c and the piercing force lower that some
constant h, £= 0 is obtained. Then x = u while the relation x(t) is
described by the plot depicted in Fig. 3 function x(t) = u(t) in the
form (13). However, for Sy > h, we have:

§:SO—_h.t:v

> ot (14)

where the constant vpz(Sok_h) defines the permanent

deformation speed for the material in the static load conditions.
Thus, in the case, the total deformation x will be equal to:

C
_ Lt
k

x:u+(§:s—0 1-e " |+vpt (15)

G
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Fig. 3. Material behavior at rigid fixing under influence of the
piercing force So > h

3.2.Buasistatic load

The piercing force is usually instability in time in quasi-static
loads. For the analysis, the constant piercing force v, is assumed.
As a result of that test are often the relations S(x). For rigid fixing
(¢, = ), the movement equation will be as written below:

£=0 forS<h (16)
cqu+colu—2)=S$ 17)
ko2 =colu—2) (18)

Eliminating of variable:
S:k—o[((;l+co)-U—S]+clu (19)
Co

Incase S<his 50 =0 and when x=u. If piercing has constant
speed Vv, than

u=vgt (20)
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Substituting (20) to (19) we get differential equation of force S as
below:

§+ 205 (¢ +c g + Ayt (21)
Ko Ko

It’s function is as follows:

C,
%,

S(u) = kovp + cu — kgvge kovo (22)

Is easy to see, that dependence S(u) for standard model is
different from dependence S(u) for Kelvin’s — Voigt model. When
Co—> o< IS

S(u)=kovp + U (23)
And if k=0 (Hooke’s model) is easy to prove, for any value of vy:

lim S(u)=cyu (24)

ko—0

For selected models, the relation S(u) has been presented in
Fig. 4 in graphic form. It can be observed that, all relations of S(u)
come more and more similar to the relation for the Hooke’s
model, when the value vy comes nearer zero (slow piercing). What
is more, for vy = 0, all of them are exactly equal to S(u) = c;u.
At high piercing speeds (vo >> 0), what happens in cases that the
shield is shut through by the bullet, however, significant
differences occur. (Fig. 5).

Therefore, it should be noticed that, by applying the Hooke’s
model an apparent growth of the material rigidity (the Young’s
module increase) is observed, both for the case (a) and (b). That is
combined with an increase the piercing speed, what occurs in the
material examinations. It is not the change the Young’s module,
however, but the reason is in that the constant kg is not taken into
consideration in the constitutive interconnections.

3.3.Dynamic loads

After replacing Sy=-mX to the equations (2-6), the

differential equations of the final mathematical form of the model
accepted are obtained:

Mo¥Xg + C,Xg = —MX (25)
hSgné + ké =—mx for (-mx) > h (26)
E=0dla (-mX)<h (27)
U +¢o(u —z)=—ms (28)
koz = co(u—2) (29)

1)

Eliminating of variable ,,z” force of material resistance on

projectile is as follows:

S=cu +:—°[(cl+co)-u+m'>'(] (30)
0
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Hooke's model

Kelvin-Voigt's model

Fig. 4. The relation S(u) of quasistatic piercing for the models under consideration

Vo, Vo,

|
u

Fig. 5. A comparison of the relation S(u) for the standard model
in a case of the piercing speed values v,: small (a) and big (b)

Hey) §
1 &
I -
}f

Fig. 6. Plot of the function H(y)
Finally mathematical model takes, following chain of differential
equations:

m05<0 +C;Xg = —mX (31)
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S
kOVO ---------
- -
u u
standard model
(hsgné + ké)+ m&- H(- m% —h)=0 32)
mX + Cyu +|:—°[(ol+co)-u+m'>'<']=0 (33)
0
where H is a function as below (Fig. 6):
H 0 fory<o0 2
(y)_lfory>0 (34)

Based on the mathematical analysis of degenerated standard
model following interdependences were calculated:

e dependence of cover deformation when solid fixed
(c, = ) as follows:
2
mvg h
_ _ 35
Sor =S T3 o (3%)

e dependence on piercing time (in case of solid fixed) is as
follows:

m |- hz
tyr =— /v -— 36
LN 0 me, (36)

e dependence of cover deformation in case when c, is end value
and mass mg can be omitted because of minimal value:

_mvg h

Sor “5h & (37)

Depending of (37) value ¢ is a substitute stiffness as follows:

= olcfi: (38)
Z
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and marginal time ty is in accordance with dependence (36), in
which instead of value c; substitute stiffness C is inputted.
Derived dependence &u(c;) or &(C) has a hyperbolic
character, therefore along [18] significant influence of these
constants is observed for small stiffness and for large stiffness
this influence can be insignificant.

The equation system for the high impact speeds has been
solved by the computer simulation technique, making use of
Simulink network [22]. Exemplary piercing process results
for the given constant values of the model (mg = 10 kg, ¢, =
90000 N/m, m, = 0,008 kg, ¢, = 8610 N/m, ¢, = 2500 N/m, kg
= 2,5 Ns/m, k = 10 Ns/m, h = 10000 N) have been depicted
in Fig. 7. However main goal of the simulation was to define
influence of particular parameters on deformation & as
breaking distance of projectile after going over of plasticity
borderline h (Fig. 8).

[m] variable x
0,00008

0,00006 /

0,00004 //
0,00002 /

0 T T
0 0,0001 0,0002 0,0003

time [s]

variable &

[m]

0,016 /
0,012 /

0,008

0,004 / /
0

0 0,0001 0,0002 0,0003

time [s]
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4.Conclusions

Applying the degenerated model to the piercing analysis
enabled:

e estimating the relation the piercing speed on the force in the
quasistatic tests (Fig. 5),

e estimating the impact of the characteristics defining the
system behavior within the scope of reversible deformations
(parameters cq, ko, 1) on the permanent deformation (Fig. 7).
In addition, from the analysis carried out, it follows that the

effectiveness of the shield increases (Fig. 8) when:

the shield weight decreases,

the shield rigidity decreases,

the shield fixing rigidity decreases,

the attenuation at shield deformation increases,

the yield point of the shield material increases.

arwpnpE

variable u

[m]

0,02

0 0,0001 0,0002 0,0003

time [g]

[m] variable x

0,020 // ]
0,010

0 0,0001 0,0002 0,0003

time [s]

Fig. 7. Exemplary computer simulation results for given model values

Research paper |

K. Jamroziak



Analysis and modelling

< 10" variable & . variable &
0,18 0,18
= 016 e 016 /
0,4 — = 014
- — ¢, =0Nm =) ? — m,=01kg
£ 0,12 0 L =
5 — ¢, =900 N/m g o / — my=1lkg
E 0,10 ¢, =9000 N/m ,E 0,10 — m;=20kg
£ 00R z T 00R
g e — ¢,=900000 N/m gl B m;=50kg
2 B ¢, = 9000000 N/m % 0l
z 0,04 5 o
=00 0,02 —
(| — T T T T T & 103 0 |/ T T T hS 103
0 0,05 01 0I5 0 025 03 0,35 0 0,05 0,1 0,15 0,2 0,25 03 0,35
time [¢
[:] time [¢]
1 variable & 1 variable &
020 x10 0,20 x10
g 0,18 _ 018
" 0.16 y £ 0,16 ///ki ;
e 7 / S 04
= 014 / c Y 7
E 012 g 00 . —
€ o / =010 / —
g g(ng / —— ¢, = 1000 N/m % 0708 . 7 — CGT 100 N'm
g / — ¢,= 5000 N/m < 7 — &~ LWNm
7 0,06 : g U /4 — ¢,=5000Nim
E ’ / / — ¢, =23000 N/im % 004 I
a 0,04 / ¢, = 50000 Nim % 0’02 / ¢, = 8610 Nfm
0702 / ‘({10-3 , 0'7 /]/ T T T T T Xlo'j
0 0,05 0.1 0,15 0,2 0,25 03 0,35 U o 01 B 02 L B
time [¢] time [¢]
: variable & <101 variable &
g5 40 0,25
— k=0,1Ns/m o - 020 ey
E 04— k=1 Ne/m & 7 || my=0007 kg
g 03 — k=20 Ng/m /Jk g . —m= 0,009 kg ﬁ
= ’ k=100 Ns/m// "‘é 0.13 m,=0.0lkg
£ £
g 0 < 010
% =] /
2 0l 2
e 0 T T T T T T x107 = %107
0 T ‘.I T T T T T ‘
5 5 ) 25 5
! LU 0l 02 0.2 03 L 0 005 01 015 02 025 03 0,35
time [s] time [¢]

Fig. 8. Influence of model parameters for piercing distance obtained during computer simulation
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What is more, it has been found that applying the degenerated
model, there happen some differences in the piercing process for
various ratios m/vy, although the kinetic energy of the impact is
the same. The research, however, within this scope are in progress
and the problem has not been discussed in the present study.
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