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ABSTRACT

Purpose: The purpose of this paper is to develop a mixed integer formulation that extends the previous
production-distribution models by the integration of Aggregate Production Plan and Distribution Plan.
Design/methodology/approach: This paper, firstly, presents a comprehensive review and analysis on
the proposed production-distribution models and would develop a summary table to describe the main
characteristics of the selected models outlining the level of complexity considered at each study. Based on the
integration of Aggregate Production Plan and Transportation/Distribution Plan, over the second stage, the paper
will develop a mixed integer formulation for a two-echelon supply network. The model incorporates multi-time
periods, multi-products, multi-plants, multi-warehouses as well as multi-end users, and considers the real-world
variables and constraints. Finally, the developed model will be analyzed in case of a realistic scenario-based
production-distribution problem.

Findings: This paper developed a mixed integer formulation for the optimization of a two-echelon SN.
Considering detailed production cost elements and a realistic range of variables and constraints in the proposed
case study indicate the effectiveness of the developed model in the real-world applications.

Practical implications: The increasing interest in evaluating the performance of SNs over the last years
indicates the need for the development of complex optimization models able to answer unsolved questions in
the production-distribution network.

Originality/value: Implementation of a supply-chain (SC) system has crucial impacts on a company’s financial
performance. Overall performance of a Supply Network (SN) is influenced significantly by the decisions
taken in its production-distribution plan integrating the decisions in production, transport and warehousing as
well as inventory management. Thus, one key issue in the performance evaluation of SNs is the modeling and
optimization of production-distribution plan considering its actual complexity.

Keywords: Optimization; Supply network; Supply chain management; Production-distribution plan; Mixed
integer formulation; Integrated model

right quantities and at the right time, while minimizing costs and
satisfying customer requirements.

The implementation of a SC system has crucial impacts on an
organization’s  financial performance. ~Manufacturing and
distribution companies look for generic and customized software
packages (depending on their particular needs and expectations) for
the effective management of their logistics and SC activities
through the selection of strategies, asset configurations, participants

1. Introduction

Supply chain (SC) is the network of organizations, people,
activities, information and resources involved in the physical flow
of products from suppliers to customers. Supply Chain
Management (SCM) is, therefore, the process of integrating and
utilizing suppliers, manufacturers, warehouses, and retailers; so
that products are produced and delivered to the end users at the
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Fig. 1. The proposed two-echelon supply network

and operating policies. Thus, the increasing interest in evaluating
the performance of SNs over the last years indicates the need for the
development of complex optimization models able to answer
unsolved questions in the production-distribution network.

The purpose of this paper is to develop a mixed integer
formulation that extends the previous production-distribution
models by the integration of Aggregate Production Plan and
Distribution Plan. The proposed model, which incorporates multi-
time periods, multi-products, multi-plants, multi-warehouses and
multi-end users, considers the real-world variables and
constraints. The model will be then analyzed in case of a realistic
scenario-based problem.

2.Literature review

The literature in the area of SC modeling and analysis
indicates that the optimization and simulation modeling of the
production-distribution plan has been an active research area over
the last decade and that many solutions have been proposed to
solve the associated problems.

A variety of SC models have been proposed for the
optimization and simulation of SNs incorporating multiple
manufacturing plants, multiple products, multiple distribution
centers (warehouses), multiple end-users, and multiple time-
periods [1-20]. The table in Appendix 1 summarizes and
compares the major characteristics of the top-20 (in terms of
complexity and effectiveness) models.

According to our survey on the current literature, none of the
previous models has considered the major cost elements of
manufacturing and/or assembling items (e.g.
production/outsourcing  alternatives),  while taking  this
characteristic into consideration makes the developed model
adaptable to a wider manufacturing and distribution scenarios.
Also, paying less attention to considering a realistic range of
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variables and constraints may preclude the previously developed
models from functioning effectively in actual manufacturing and
distribution cases.

This study, therefore, proposes a complex model which
integrates the Aggregate Production Plan and Distribution Plan
and develops a mixed integer formulation for a two-echelon
supply network considering all the real-world factors and
constraints. In our model, the first echelon consists of multiple
production plants and the second echelon includes multiple
distribution centers (warechouses).

3. Model formulation

Fig. 1 bellow illustrates the complex production/distribution
problem (a two-echelon SN) which is considered for modeling in
this paper. In this problem, i types of products are produced in m
different manufacturing plants on g various machine centers over t
time-periods. Three production alternatives are considered at each
plant: regular-time production, over-time production or outsourcing
(each with different known costs). All products produced at plant m
are temporarily stored at stack buffer b at that plant. From stack
buffer b, finished products are distributed either directly to the end-
user e or through w warehouses to meat the known customer
demand at e. Shortages of not meeting demand forecasts are
allowed at end-users under a known penalty (shortage) cost.

3.1. Assumptions
Followings are the assumptions considered in this model:
e Variety of products (7) to be produced is known;

e Number of customer-zones (e) and demand forecasts for each
product is available at end-users;
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Number of plants/warehouses and their capacities are known;

e “Zero Switch” role is used in this model: the inventory level
of all products (WIP inventory and inventory of finished
products stored at stack buffer and warehouses) is to be zero
at the start and end of each planning horizon;

e Products are shipped from the stack buffers once the buffer if
full. This means that depending on the holding capacity of stack
buffers, products may be carried to the destinations in more
than one trip in a day (i.e. at the end of the day what actually
remains in the buffer is less than the capacity of the buffer);

e Capacity limitations for regular-time and over-time
production (capacity of machine centers), restrictions on
capacity of raw material supply, limitations in storage
capacity in stack buffers and warehouses, and distribution
capacities are known;

e The orders for subcontracting items (if required) are made by
each plant at the start of each period and the subcontractors
would send the products directly to the stack buffer of that
plant by the end of that period. The cost of subcontracting an
item includes the shipment of the item to its source of order.

3.2.Indices and parameters

The proposed SC model in this paper is formulated using the
following indices, parameters and decision variables:

Indices:

i = Product index

m = Plant index

b = Stack buffer index
w = Warehouse index
e = End user index

t = Time period index

g = machine centre index

Parameters:

Dl. ot Forecasted demand for Product i at end-user e in
period t

o Fixed costs of opening and operating plant m for next

m

planning horizon T
o Fixed costs of opening and operating warehouse w

for next planning horizon T

H imt Unit WIP inventory holding cost for product i at plant
m in period t

H i’bt Unit holding cost for finished product i at stack
buffer b in period t

H i"'w Unit holding cost for finished product i at warehouse
w in period t

Hi Cibz Holding capacity (maximum units) at stack buffer b
for product i in period t

12 . . . .
HC it Holding capacity (units) at warechouse w for product i

in period t
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Maximum allowed WIP inventory (units) for

the finished product i to be carried in plant m at
the end of period t.

Unit transportation cost for product i from stack
buffer b to warehouse w in period t

Unit transportation cost for product i from warehouse
w to end-user ¢ in period t

Unit transportation cost for product i directly from
stack buffer b to end-user e in period t

Unit regular-time production cost of product i at plant
m in period t

Unit over-time production cost of product i at plant m
in period t

Unit outsourcing cost of product i ordered by plant m
in period t

Processing time to produce a unit of product i on
machine centre g at plant m in period t

Average time spent to produce a WIP unit of product
i on machine centre g at plant m in period t

Labor/hour cost for regular-time production of

product i on machine centre g at plant m in period t
Labor/hour cost for over-time production of product i

on machine centre g at plant m in period t

Cost of raw material for producing a unit of product i

at plant m in period t

Variable overhead costs of regular-time production of
product i at plant m in period t

Variable overhead costs of over-time production of
product i at plant m in period t

Unit shortage cost (e. g. backordering cost of not
meeting demand forecast) for product i at end-user e
in period t

Maximum amount of shortage permitted (i.e.
maximum units permitted for backordering) for
product i at end-user e in period t

Capacity hours for regular-time production of product
i on machine centre g at plant m in period t

Capacity hours for over-time production of product i
on machine centre g at plant m in period t

Capacity (units) of raw material supply for product i
at plant m in period t

The distribution capacity at stack buffer b for product
iin period t

The distribution capacity at warehouse w for product

iin period t
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Decision variables:

1 it Quantity of product i produced in regular-time at plant

m in period t
’ . . . .

1 imt Quantity of product i produced in over-time at plant m
in period t

1 l.','n . Quantity of product i outsourced by plant m in period t

J i Quantity of product i shipped from stack buffer b to
warehouse w during period t

’ . . .

et Quantity of product i shipped from warehouse w to end-
user e at the end of period t

J ['}')e[ Quantity of product i shipped directly from stack buffer
b to end-user e during period t

X, WIP inventory amount for finished product i at plant m
at the end of period t

Y,, Inventory amount of finished-product i left at the stack
buffer b at the end of period t

Z.. Amount of product i stored at warehouse w at the end
of period t

S et Quantity of product i backordered at end-user e at the
end of period t (i.e. shortage of not meeting demand)

F

ibwt T

1 Ifi is shipped from b to w at t
0 Otherwise

oo 1 Ifi isshipped from w to e at t
M0 Otherwise
o {1 If i is directly shipped fromb to e at t

ibet

0 Otherwise
_ 1 If demand for i at e isnot metat t
0 Otherwise

3.3.0bjective function

The objective function minimizes the sum of followings costs:

(1) Production costs in regular-time and over-time as well as

outsourcing costs. Thus, production costs include:

e Fixed costs of opening and operating plants (e.g. rent of
buildings, leasing of plant and equipment, local business rates,
interest rates on loans, machines’ depreciation and insurance
premiums)

e Variable costs (e.g. labor costs paid by the hours worked,
costs of raw material and variable overhead costs: including
electricity, gas and depreciations)

e QOutsourcing costs

(2) Inventory holding costs:

o Fixed costs of opening and operating warehouses (e.g. rent of
buildings, local business rates, interest rates on loans and
insurance premiums)

e Variable costs (e.g. WIP inventory holding costs, inventory
holding costs in buffer stuck, and inventory holding costs in
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warehouses)
(3) Transportation costs:
e Transportation costs directly from plants to the end-users
e Transportation costs from plants to the end-users through a set
of established warehouses
(4) Shortage costs:
e Penalty costs of not meeting the demand forecasts
Using the indices, parameters and decision variables defined in
the previous section, the complete SC model is presented bellow
followed by a detailed description and discussion for each of the
constraints:

BMZZO+ZZZ%-Mt
Y5l 08, - XY S 1 05, ¢

2.0, + 222 Hin %ﬂZZZ”
ZZZ&WWfZZZZhWMW%u
ZZZthwama

2225 .sc,, .d,,

In which:

222 i RE -

zzz[ (z L RM,, +a, H @
And: z z Z]nm‘ lmt

zzz[r [z Pt o005 | ®

(M

i m
Subject to the following constraints:

I, +1

imt —

<Vim Vi,m,t 4)
22 P

2

+ZZ igmt * i
zm(t 1)) ZZ( zgmt +/szgmt)

Vgmt (5
Y i,m,t (6)

Assuming: ZZQ _ Y m,t
igmt

Then: ZZ ot -
ZZngmt( imt

XMax

imt _ imt

X,
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Yb, <HC, Vi,b,t (7)
Zy < C,'Wz Vi, wt ®)
Z thwl + Z J/bet - v i’b’t ©)
Z e SE Vi, w,t (10)

ZZ L+ 1, +10,)=>>D, Vi (11)
e t

S, <5,

Yibt = Y;b(t—l)

{z . ZJ’LI} Yi,b,m,t (13)

Z[w(l—l) + Z']ibwt © T ibwt Z‘]lwct * 7 iwet Ziw’l
b

Vi,e,t (12)
1, +1,, +1"

imt imt ]

Yi,w,t (14)
Z iwet ZJIZEZ = Dlet + Swz‘ d + Sw(z‘ 1) * die(rfl)
‘v’ i,e,t 15)
ZXW = ZX,.W: Yi,m (16)
z ibt z it v l’b (17)
ZZ,.W ZZ Yi,w (18)
t=0

Iimt7ltmt’1t,r'nt’let 20 Vi7m5t (19)
Jipy 20 YV i,b,w,t (20)
J ., 20 Vi, w,e,t (1)
Tt 20 Vi,b,e,t 22)
Y, =20 vV i,b,t (23)
Z,, 20 Vi, w,t (24)
S, =20 Vie,t (25)

As discussed earlier, the objective function (Eq. 1) minimizes
the total production, inventory holding, transportation and
shortage costs. To ease the reading and understanding of the
objective function, Eq. 2 and Eq. 3 give details of the production
costs in regular-time and over-time respectively; referring to the
second and third portions of Eq. 1 correspondingly. Egs. 4~10
depict the capacity constrains. Eq. 11 and Eq. 12 are demand and
shortage constrain. Balance constrains at stack buffers,
warehouses and end-users are represented at Eqs. 13~18. Finally,
Egs. 19~25 demonstrate the ‘variables’ constrains.

Eq. 4 represents the raw material supply capacity restrictions.
Eq. 5 implies the limitation for regular-time and over-time
production against machine centre capacity constrains. The
limitation in WIP inventory amount to be carried at each plant is
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represented in Eq. 6. Stack buffer capacity restriction which is
shown in Eq. 7 implies the restriction on the stored products in
the stack buffer at the end of a period. Eq. 8 stands for the
limitations in warehouse holding capacity. The distribution
capacity constraint from stack buffers and warehouses are
represented in Eq. 9 and Eq. 10, respectively. Eq. 11 implies that
the total amount of production and outsourcing for every product
at all plants must meet the forecasted demand for that product at
the end of planning horizon (e. g. complete satisfaction of all
demands for every product at the end of the planning phase). Eq.
12 enforces the maximum allowed shortage at end-users. Eq. 13
represents the inventory balance constraint in stack buffers. Eq.
14 and Eq. 15 are the balance equations for the warehouses and
end-users. Eq. 15 ensures that the shipments of a product to an
end-user either satisfy the demand for that product at period ¢ or
some amount of shortage would appear (no storage at end-user is
allowed). Egs. 16~18 imply the “Zero Switch” role to the model
and indicate that the inventory level of all products (WIP
inventory and inventory of finished products stored at stack buffer
and warehouses) is to be zero at the start and end of each planning
horizon. Eqgs. 19~25 enforces non-negativity restriction for all the
decision variables.

4. Model analysis

To validate the developed model and demonstrate the
significance of considering detailed (microscopic) production cost
elements (i.e. all costs of production and outsourcing
alternatives), we compared two different scenarios of a realistic
scenario-based production-distribution problem. For this purpose,
the following case study was studied:

Four types of products (;-i,) are produced in four different

manufacturing plants (s, -m,). In each plant there are four
machine centers (g -g,). Each item is produced by passing
through all four machine centers. Plants m, and m, have the
facilities to produce productsil, iy i & i,. Plant m, produces
products i & i and plant s . has the facilities to produce
products j & ;.. Regular-time production, over-time production

and outsourcing are the production alternatives at each plant. Each
plant has a stack buffer ( b-b,> respectively in plants m,-m,)

temporarily storing the finished products. Products are distributed
either directly to five end-users (¢, -¢,) or through six warehouses

(w,-w,) to meat the customer demand at the end-users. Shortages

of not meeting demand forecasts are allowed at end-users at a
known penalty.

In the first scenario (table 1), according to the developed
objective function in this paper (Eq. 1), a combination of regular-
time/over-time production and outsourcing alternatives was
considered to compute the total production-distribution cost.
Instead of considering the production cost elements (from
production alternatives), in the second scenario (table 2) an
average unit cost was considered for calculating the production
costs (based on the traditional models - previous studies). In both
scenarios, distribution costs (either directly from the plants to the
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end-users or through the established warehouses) consist of
transportation, storage and inventory carrying costs. All the costs
are calculated based on a planning horizon of two weeks. Tables
1~2 summarize the outcomes of our calculations for production
and distribution costs in 1000 dollars for scenario 1 and 2,
respectively.

Table 1.
‘Production/distribution costs’ for Scenario 1
Regular- Over-time
Scenario 1 time Production Outsource  Distribution
($ *1000)  Production Costs Costs
Costs
Costs
m, 74.2 29.5 21 355
m, 60.7 26.6 18.4 434
m, 28.8 17.7 9.5 311
m, 33.6 16 8.2 23.1
Total 197.3 89.8 57.1 133.2
Table 2.

‘Production/distribution costs’ for Scenario 2

ig? 1a 53)0)2 Averagz(f)’srtosduction Distribution Costs
m, 152.1 39.4
m, 129.3 484
y 67.3 36.4
m, 64.8 25.8
Total 413.5 150

From tables 1~2, total production-distribution costs for
scenario 1 is $477,720 and for scenario 2 is $563,530 which
indicates achieving less total cost through applying the developed
model. It was shown that considering production alternatives in
our developed model not only has contributed to the more
accurate calculation of production costs, but it also accordingly
contributes to the more effective transport routings and more
efficient distribution plans.

5.Conclusions

Based on the integration of Aggregate Production Plan and
Transportation/Distribution Plan, this paper developed a mixed
integer formulation for the optimization of a two-echelon SN.
Considering detailed production cost elements and a realistic range of
variables and constraints in the proposed case study indicate the
effectiveness of the developed model in the real-world applications.
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