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AbstrAct
Purpose: The article presents an analysis of impact energy dissipation process with selected non-classical 
dynamic models.
Design/methodology/approach: Identification of impact energy dissipation phenomena in mechanical systems 
with a layered structure (eg, composite ballistic shields) is quite a challenge, because on the one hand it is sought 
to the model, whose parameters are as much as possible responsible for the energy dissipation, on the other 
hand, the number of parameters should be optimized. Searched model should be reduced to a simple description 
of the whole phenomenon and completely imitate entire mechanical system. Description of the impact energy 
dissipation was modeled with selected degenerated systems in this case. Models were subjected to hammer 
extortion the specified impulse of force. The mathematical description of pulsed extortion was carried out 
by using the energy and balance equation of power. Verification of mathematical identification equations for 
selected model parameters was performed by computer simulation technique.
Findings: This is original analytical method, which uses the degenerated systems in various configurations. It 
involves the use of specially derived identification equations, which are described by the decrease of potential 
energy of the system during the vibrations induced by a single impulse load.
Research limitations/implications: Method of identification requires the use of appropriate input function. 
Input function could be a periodic type or a type of step function.
Practical implications: Estimation of the energy consumption objects in terms of method of identifying the 
parameters of the model.
Originality/value: Presented work includes the identification of piercing the ballistic shield, and it is a part of 
work on the implementation of the degenerated models to describe these phenomena.
Keywords: Computational mechanics; Impact load; Degenerated model; Equations energy and potency balance
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1. Introduction 
 
One of the essential elements in engineering applications is 

the identification of the impact energy dissipation by developing 

a model with carefully selected procedures. Basing on the 
methodological literature for identification of mechanical systems 
in the development of models, their extortion, including impulse 
ones and testing of a model’s reaction susceptibility to extortion is 
described by many studies [1-5]. Most of research concerned with 
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developing mathematical algorithm of implementation of both 
task analysis and synthesis of simple and complex mechanical and 
mechatronic systems [6-8]. The need for modelling dynamic 
phenomena of machine elements and structures results with the 
determination of the fatigue endurance, which is a consequence of 
the application of new generation materials [9-16]. 

Modelling of the penetrable ballistic shield is such an example 
[17-20]. Currently, there are many well-known formulas for 
describing of impact energy dissipation, which have been 
extensively presented in following studies [21,22]. However the 
penetration and dissipation process of the composite shields 
remains still a challenge during researches for the optimal 
identification procedures. Development of identifying procedures 
to non-classical dynamical models which include degenerate 
models [23,24] is one of the methods. 

Those models can be characterized by having, inter alia,  
non-linear segments, which have no closed mathematical analysis 
procedures for now. 

Therefore, it seems that the atypical approach to the matter in 
the form of the advanced energy and power balance Equations is a 
novel approach in the field of non-linear dynamical systems 
theory, as proved in following studies [25-27]. It should be noted 
that these Equations are compiled (met) at a certain vibration 
conditions. This is especially important in the design of optimal 
ballistic shields, as well as any other system subjected to the 
piercing processes. The analysis of these Equations is described in 
the following section. 
 
 

2. Description and analysis of the 
models impact energy dissipation 
 

Energy dispersion analysis of mechanical systems was 
subjected by two dynamic models, which the diagrams are shown 
in Fig. 1. Modelling of the impact energy dissipation process 
during an impact of projectile into light ballistic shield was 
presented as follows: 

for 1a system the existence of Maxwell’s element has been 
assumed, which cooperates in parallel with elastic element (c) 
and dry friction element (h),  
for 1b system the existence of Maxwell’s element has been 
assumed, which cooperates in parallel with the elastic element 
(c) and the damping element (k). 
It has been assumed that the analysis of degenerated systems 

is based on the derivation of energy and power balance Equations. 
These Equations are characterized by the following features: 

system of two differential Equations are brought to a single 
Equation of the third rank, 
the Equations are multiplied by: 

elementary displacement dx for the energy balance 
Equation; 
elementary velocity dv for the of power balance Equation; 

integral Equations are within the limits of time equal to the 
period of vibration or its multiplicity. 

It is adopted by two variables describing the motion of the 
analyzed systems, namely: 

variable  describing the motion of a fictitious mass mf = 0; 

variable x describing the displacement of a real mass m of the 
system.  
The extensive description of the implementation and 

application of the energy and power balance Equations in 
mechanical systems have been presented in study [28], and certain 
assumptions referred in studies [29,30]. Thus, the idea of 
identification with the use these Equations can be illustrated by 
block wise (Fig. 2). 
 
 
2.1. Impact energy dissipation analysis by 
degenerated model with dry friction 
 

In the first system, which is with the dry friction element (h) 
and elastic element (c) in accordance with conditions of dynamic 
equilibrium differential Equations of motion for the variables , x 
take the form of:  

pxccxxhSgnxm 0  (1) 

xck 00  (2) 
By eliminating of variable  Equations can be written as a 

single Equation: 

ppxccxxhSgnxm
c
k

cxxhSgnxm 0
0

0  (3) 

It is assumed that the energy dissipation in the time interval 
from  
t = 0 (the moment of impact) to time tk (time for stopping the 
projectile) for: 

kt,0t   0x , and 1xSgn   (4) 
Finally, Equation (3) takes the form: 

ppxccxhxm
c
k

cxhxm 0
0

0  (5) 

It is assumed that in case of impact ballistic (projectile into 
ballistic shield) struck element has some dissipative-elastic 
properties. For further analysis, it was assumed that on weight of 
the striking force acts only influence of the material S. This force 
depends on the velocity and displacement (position of the 
projectile in the material). According to the second law of 
dynamics, this condition can be written as: 

tpSxm  (6) 
where:  
x - displacement, 
p(t) - extortion force, 
S - symbolically power of influence the material on the bullet 
expressed as a linear cxxkS , 
k - viscous damping coefficient,  
c - coefficient of elasticity. 

Based on analysis of the 1a model, the impact force of 
material S on striking mass m can be described as a function: 

ppxccxhxm
c
k

cxhp,x,x,xS 0
0

0  (7) 

Expression (7) describing the strength S is significantly 
different from the one usually used in practice. Dissipation energy 
resulting from the expression (7) for cyclic vibrations one can be 
estimated from the energy balance Equation. According to study 
[28], the energy balance Equation can be expressed as: 
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It is noted that for the extortion pulse terminating in the range  
t0 < tk following units of Equation (8) take the value zero, i.e.: 
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and eventually the energy balance Equation takes the form: 
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In analogy power balance Equation takes the form: 
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Equations (11) and (12) after arranging can be presented: 
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All of the variables  in the Equations are equal to the fields 
contained within the loop formed by the respective depending 
periodic signals v(x), a(v), a(p), p(v), p(x). The basic condition of 
these Equations is periodicity of the measured signals. 
 
 
2.2. Impact energy dispersive analysis by 
degenerated model with viscous damping 
 

In the arrangement of elements (elastic c and damping k), 
shown in Fig. 1b, in accordance with the dynamic equilibrium 
conditions the differential Equations of motion for the variables , 
x take the form of: 

pxccxxkxm 0  (15) 

xck 00  (16) 
Proceeding analogically to the analysis of model 1a Equation 

(3) brought to a single Equation of form: 

ppxccxkxm
c
k

cxxkxm 0
0

0  (17) 

The impact of the material S striking mass m can be described 
as a function of: 

ppxccxkxm
c
k

cxxkp,x,x,xSS

0
0

0  (18) 

The Equation (17) is developed analogically to the previous 
instance. In this case the methodology of proceeding gives the 
energy balance Equation as follows: 
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a)               b) 

 
 

Fig. 1. The dynamic model of energy dissipation: a) degenerated model with the dry friction, b) degenerate model with the damping element 

2.  Description and analysis of 
the models impact energy 
dissipation

2.1.  Impact energy dissipation 
analysis by degenerated model 
with dry friction

http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org


25

Analysis and modelling

The identification of degenerated systems in the impact energy dissipation process

developing mathematical algorithm of implementation of both 
task analysis and synthesis of simple and complex mechanical and 
mechatronic systems [6-8]. The need for modelling dynamic 
phenomena of machine elements and structures results with the 
determination of the fatigue endurance, which is a consequence of 
the application of new generation materials [9-16]. 

Modelling of the penetrable ballistic shield is such an example 
[17-20]. Currently, there are many well-known formulas for 
describing of impact energy dissipation, which have been 
extensively presented in following studies [21,22]. However the 
penetration and dissipation process of the composite shields 
remains still a challenge during researches for the optimal 
identification procedures. Development of identifying procedures 
to non-classical dynamical models which include degenerate 
models [23,24] is one of the methods. 

Those models can be characterized by having, inter alia,  
non-linear segments, which have no closed mathematical analysis 
procedures for now. 

Therefore, it seems that the atypical approach to the matter in 
the form of the advanced energy and power balance Equations is a 
novel approach in the field of non-linear dynamical systems 
theory, as proved in following studies [25-27]. It should be noted 
that these Equations are compiled (met) at a certain vibration 
conditions. This is especially important in the design of optimal 
ballistic shields, as well as any other system subjected to the 
piercing processes. The analysis of these Equations is described in 
the following section. 
 
 

2. Description and analysis of the 
models impact energy dissipation 
 

Energy dispersion analysis of mechanical systems was 
subjected by two dynamic models, which the diagrams are shown 
in Fig. 1. Modelling of the impact energy dissipation process 
during an impact of projectile into light ballistic shield was 
presented as follows: 

for 1a system the existence of Maxwell’s element has been 
assumed, which cooperates in parallel with elastic element (c) 
and dry friction element (h),  
for 1b system the existence of Maxwell’s element has been 
assumed, which cooperates in parallel with the elastic element 
(c) and the damping element (k). 
It has been assumed that the analysis of degenerated systems 

is based on the derivation of energy and power balance Equations. 
These Equations are characterized by the following features: 

system of two differential Equations are brought to a single 
Equation of the third rank, 
the Equations are multiplied by: 

elementary displacement dx for the energy balance 
Equation; 
elementary velocity dv for the of power balance Equation; 

integral Equations are within the limits of time equal to the 
period of vibration or its multiplicity. 

It is adopted by two variables describing the motion of the 
analyzed systems, namely: 

variable  describing the motion of a fictitious mass mf = 0; 

variable x describing the displacement of a real mass m of the 
system.  
The extensive description of the implementation and 

application of the energy and power balance Equations in 
mechanical systems have been presented in study [28], and certain 
assumptions referred in studies [29,30]. Thus, the idea of 
identification with the use these Equations can be illustrated by 
block wise (Fig. 2). 
 
 
2.1. Impact energy dissipation analysis by 
degenerated model with dry friction 
 

In the first system, which is with the dry friction element (h) 
and elastic element (c) in accordance with conditions of dynamic 
equilibrium differential Equations of motion for the variables , x 
take the form of:  

pxccxxhSgnxm 0  (1) 

xck 00  (2) 
By eliminating of variable  Equations can be written as a 

single Equation: 

ppxccxxhSgnxm
c
k

cxxhSgnxm 0
0

0  (3) 

It is assumed that the energy dissipation in the time interval 
from  
t = 0 (the moment of impact) to time tk (time for stopping the 
projectile) for: 

kt,0t   0x , and 1xSgn   (4) 
Finally, Equation (3) takes the form: 

ppxccxhxm
c
k

cxhxm 0
0

0  (5) 

It is assumed that in case of impact ballistic (projectile into 
ballistic shield) struck element has some dissipative-elastic 
properties. For further analysis, it was assumed that on weight of 
the striking force acts only influence of the material S. This force 
depends on the velocity and displacement (position of the 
projectile in the material). According to the second law of 
dynamics, this condition can be written as: 

tpSxm  (6) 
where:  
x - displacement, 
p(t) - extortion force, 
S - symbolically power of influence the material on the bullet 
expressed as a linear cxxkS , 
k - viscous damping coefficient,  
c - coefficient of elasticity. 

Based on analysis of the 1a model, the impact force of 
material S on striking mass m can be described as a function: 
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All of the variables  in the Equations are equal to the fields 
contained within the loop formed by the respective depending 
periodic signals v(x), a(v), a(p), p(v), p(x). The basic condition of 
these Equations is periodicity of the measured signals. 
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Fig. 1. The dynamic model of energy dissipation: a) degenerated model with the dry friction, b) degenerate model with the damping element 

2.2.  Impact energy dispersive 
analysis by degenerated model 
with viscous damping
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Fig. 2. Idea of identification with the use of Equations of energy 
balance and power 
 

Power balance Equation takes the form:  
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The derived energy balance Equation (11), (19) and the power 
balance Equation (12), (20) are characterized by the size of the 
impact energy dissipation through the constant element of 
degenerated and dry friction parameter values (model 1a), viscous 
damping (model 1b). Right part of the Equations describes, 
respectively: 
 the work done by an external force p(t) on displacement  

x within a single complete period (variable ); 

 work per unit time (power) done by this force (variable ). 
The conducted analysis of dynamic models with a usage of 

energy and balance and power balance Equations reflects the 
theoretical background of the impact energy dissipation. In order 
to describe the real system with those Equations model should be 
subjected with loads in the form of impulses at regular intervals 
and recorded the responses assuming the following condition: 

Ttxtx  (23) 
Answers should reflect the actual state, if so it is possible 

considered sought models as valid. To prove the assumptions in 
this field of theoretical analysis, models were subjected to 
computer simulation, which was the subject of analysis in the next 
step of work. 
 
 

3. Simulation studies and analysis of the 
results 
 

The complexity of the analyzed identification Equations 
models, the requires the use age of numerical techniques. 
Numerical techniques such as Simulink software allows for quick 
verification of identification Equations and assumed the model 
parameters, and in further stage the optimization, also in terms of 
the actual object (ballistic shields). 

The simulation tests were carried out by substituting to 
Equations (11), (12), (19), (20) of the analyzed models by the 
following values: k=480 [kg/s], c=30000 [kg/s2], c0 = 20000 [kg/s2],  
m=40 [kg], k0=406 [kg/s], h=5 N.  

In all cases the simulated impulse extortion was (Fig. 3):  
 for t < 0,001; 
 where the extorting force p(t) was modeled according to the 

function p(t) = ASin(1000  t). 
 

 
 

Fig. 3. The shape of the exciting force p(t) 
 

The simulation of the degenerated model with viscous 
damping (model 1b) was carried out at several extortion assuming 
the amplitude Ampl=5 kN and 500 Hz frequency, taking into 
account the above parameters of the model at h=0. Then amplitude 
was changed to Ampl=15 kN, next Ampl=25. The integration was 

 

carried out for a time from t0 to tk if v<0 assuming the v(t0) = 0 and 
v(tk) = 0. It is the range, where the extortion force is set to zero  
(p(t) = 0). The analyzes are illustrated graphically in Fig. 4. 

The simulation with dry friction (model 1a) was performed 
for similar conditions by adopting the parameter h=5. Analysis is 
presented as graphical form in Fig. 5.  

 
 

 
Fig. 4. Velocity as a function of time to the extortion impulse of the model (Fig. 1b) 

 
 

 
 

Fig. 5. Velocity as a function of time to the extortion impulse of the model (Fig. 1a) 

3.  simulation studies and 
analysis of the results

http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org
http://www.journalamme.org


27

Analysis and modelling

The identification of degenerated systems in the impact energy dissipation process

 
 
Fig. 2. Idea of identification with the use of Equations of energy 
balance and power 
 

Power balance Equation takes the form:  

p
v

a
p

0

0x
v

a
v

0

0

c
k

c
c

kk
m  (20) 

Equations (19) and (20) after arranging can be presented: 
p
x

v
p3

v
a2

v
x1 XXX  (21) 

where: 

0

0
3

0

0
2

0
001 c

k
X,

c
mk

X,
c
ckkkX  

p
v

a
p3

x
v5

a
v4 XXX  (22) 

where: 

0

0
35

0

0
4 c

k
X,cX,

c
kk

mX  

The derived energy balance Equation (11), (19) and the power 
balance Equation (12), (20) are characterized by the size of the 
impact energy dissipation through the constant element of 
degenerated and dry friction parameter values (model 1a), viscous 
damping (model 1b). Right part of the Equations describes, 
respectively: 
 the work done by an external force p(t) on displacement  

x within a single complete period (variable ); 

 work per unit time (power) done by this force (variable ). 
The conducted analysis of dynamic models with a usage of 

energy and balance and power balance Equations reflects the 
theoretical background of the impact energy dissipation. In order 
to describe the real system with those Equations model should be 
subjected with loads in the form of impulses at regular intervals 
and recorded the responses assuming the following condition: 

Ttxtx  (23) 
Answers should reflect the actual state, if so it is possible 

considered sought models as valid. To prove the assumptions in 
this field of theoretical analysis, models were subjected to 
computer simulation, which was the subject of analysis in the next 
step of work. 
 
 

3. Simulation studies and analysis of the 
results 
 

The complexity of the analyzed identification Equations 
models, the requires the use age of numerical techniques. 
Numerical techniques such as Simulink software allows for quick 
verification of identification Equations and assumed the model 
parameters, and in further stage the optimization, also in terms of 
the actual object (ballistic shields). 

The simulation tests were carried out by substituting to 
Equations (11), (12), (19), (20) of the analyzed models by the 
following values: k=480 [kg/s], c=30000 [kg/s2], c0 = 20000 [kg/s2],  
m=40 [kg], k0=406 [kg/s], h=5 N.  

In all cases the simulated impulse extortion was (Fig. 3):  
 for t < 0,001; 
 where the extorting force p(t) was modeled according to the 

function p(t) = ASin(1000  t). 
 

 
 

Fig. 3. The shape of the exciting force p(t) 
 

The simulation of the degenerated model with viscous 
damping (model 1b) was carried out at several extortion assuming 
the amplitude Ampl=5 kN and 500 Hz frequency, taking into 
account the above parameters of the model at h=0. Then amplitude 
was changed to Ampl=15 kN, next Ampl=25. The integration was 

 

carried out for a time from t0 to tk if v<0 assuming the v(t0) = 0 and 
v(tk) = 0. It is the range, where the extortion force is set to zero  
(p(t) = 0). The analyzes are illustrated graphically in Fig. 4. 

The simulation with dry friction (model 1a) was performed 
for similar conditions by adopting the parameter h=5. Analysis is 
presented as graphical form in Fig. 5.  

 
 

 
Fig. 4. Velocity as a function of time to the extortion impulse of the model (Fig. 1b) 

 
 

 
 

Fig. 5. Velocity as a function of time to the extortion impulse of the model (Fig. 1a) 
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In applying linear regression analysis fixed coefficients were 
calculated  for power and balance Equations. The data is 
summarized in Table 1 - model 1b, Table 2 - model 1a. 
 
Table 1. 
The parameters assumed and derived from the linear regression 
for model 1b 

Energy balance 
Parameter Assumed Derived 

X1 528.9 550.0 
X2 0.33 0.36 
X3 0.0083 0.009 

Power balance 
X4 40.10 35.77 
X5 30000 30011 

 
Table 2. 
The parameters assumed and derived from the linear regression 
for model 1a 

Energy balance 
Parameter Assumed Derived 

A1 5.0 5.02 
B1 2.7067e-5 2.7166e-5

B2 0.0535 0.0499 
Power balance 

A2 5.0 4.98 
B3 0.0017 0.00171 

 
In this way it has been adjusted to determine the coefficients 

of the identification Equations, complex expressions of stiffness, 
suppression, and mass which are occurring in the system. The 
final element of identification (Fig. 2) is to lead to determination 
of the specific parameters of the model. Estimation of model 
parameters can be carried out by the methods, chich already 
presented in the study [25] by the quasi-static loads or continue 
using the energy and power balance Equations. To do this, 
a simple Kelvin model supposed to be taken which will allow us 
to estimate a parameter c. For example this may be a model as 
shown in Fig. 6. Energy balance Equation, which is achieved by 
starting from the motion Equations mass m of dynamic extortion: 

tpcxxkxm  (24) 
Energy balance Equation is obtained by multiplying both 

sides of Equation (24) by dx, then integrating in the period T, and 
this results with: 

dxtpxdxcdxxkdxxm
TTTT

 (25) 
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Some constants ( ) were calculated by using regression 
methods from Equations (30) and (35) with a known parameter of 
mass m. Parameter c was calculated from Equation (35), and the 
parameter k was calculated from Equation (30). The remaining 
constants were estimated after substituting the obtained 
parameters c, k to (13), (14), (21), (22). Obtained results present 
a problem in terms of quality. 
 
 

4. Conclusions 
 

Presented part of research concerns the analysis of energy 
consumption in dynamic rheological models during ballistic 
impact process. The analysis adopted two dynamic models, which 
are a common part of the Maxwell element. The first one is 
a model describing vibrations of mechanical systems with dry 

 

friction, and the second is a model describing vibrations of 
mechanical systems viscous damping.  

The models were also subjected to a computer simulation to 
verify the assumptions made in the analysis about validity of the 
mathematical description in the phenomenon of impact energy 
dissipation. 

The result of the simulations was to obtain a response time for 
the impulse force p(t). It was assumed that the time points t0, tk 
displacement x(t) should take extreme values for the time points 
for which the velocity v(t) must take zero values. Simulation for 
the assumed moments of time (Figs. 4-5) velocity v(t) reaches 
zero values, as shown.  

The results also prove some differences. In the analysed 
period of time the model with dry friction element has more 
similar form to real results (Fig. 7). Its composition of the 

description of the impact energy dissipation has shown increased 
energy consumption compared to the model with viscous friction 
element.  

An analogy can be seen from the results of recorded during 
the studies of piercing material on the firing position that for 
extreme values x(t0) and x(tk) of v(t) take the zero value (Figs. 7-
8). Model presents the phenomenon of impact energy dissipation 
by the energy and power balance Equations and brings closer 
a physical phenomenon occurring in the process of piercing the 
material.  

It can be assumed that this methodology can be used to 
describe the mathematical and graphs obtained from the 
simulation describes qualitatively this issue. In terms of volume it 
should strive to illustrate by a number of studies that the analysis 
will be continued and presented in subsequent papers.  
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In applying linear regression analysis fixed coefficients were 
calculated  for power and balance Equations. The data is 
summarized in Table 1 - model 1b, Table 2 - model 1a. 
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Table 2. 
The parameters assumed and derived from the linear regression 
for model 1a 
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Parameter Assumed Derived 

A1 5.0 5.02 
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