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Properties

Abstract
Purpose: Developing of new methods for input data of mathematical model is established.
Design/methodology/approach: Temperature dependency of both, heat transfer for quenchant with Grossmann 
severity of quenching H=0.35, which are adequate for oil and heat conductivity coefficients has been calibrated 
on the base of Crafts-Lamont diagrams.
Findings: Evaluation of physical properties such as specific heat capacity, c, heat conductivity coefficient, λ, 
density, ρ, heat transfer coefficient, α involved in mathematical model of transient temperature field was done 
by the inversion method, or by calibrations.
Research limitations/implications: In the future this investigation should be broaden on investigation of more quechants.
Practical implications: By proper input data of mathematical model of steel quenching, correct computer 
simulation can be performed.
Originality/value: New inverse method of input data such as specific heat capacity, c, heat conductivity 
coefficient, λ, density, ρ, heat transfer coefficient, α, which is based just on achieved distributions of mechanical 
properties in Crafts-Lamont diagrams.
Keywords: Steel quenching; Numerical modelling; Hardness
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1. Introduction 
 
Simulation of steel quenching is a complex problem. Research 

of numerical simulation of hardening degree distribution in 
quenched steel specimen is one of the highest priority researches 
in simulation of phenomena of steel quenching [1-6]. 

Generally the mathematical modelling of steel quenching can 
be divided in two parts, numerical simulation of specimen cooling 
and numerical simulation of specimen hardening. Rate of steel 
specimen cooling essentially depends on specimen geometry and 
characteristic physical properties of quenchant and quenched 
steel. Main physical properties about which cooling rate depends 

are specific heat capacity of steel, heat conductivity coefficient of 
steel, steel density, heat transfer coefficient of quenchant. For 
precise mathematical modelling these variables must be estimated 
with high precision. These variables can be predicted 
experimentally for the concrete quenchant and steel [7]. 
Experimentally evaluated variables are successfully applicable 
only for particular steel and quenchant used at experiment. 

Another way of estimating of data involved in mathematical 
model of transient temperature field can be done by inversion 
method based on relation between cooling curves and heat 
conductivity coefficients [7, 8]. More generally applied method of 
estimation of needed physical properties for modelling of 
quenching is method based on achieved results and qualitative 
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analysis of cooling curve. In this way physical properties are 
adjusted or calibrated with the results of quenching. Physical 
properties predicted by this method are usable for large spectra of 
quenchants with the same intensity of cooling, and for large 
spectra of steels [9]. 
 
 

2. Mathematical modelling of cooling 
 

The temperature field change in an isotropic rigid body 
without heat sources can be described by Fourier’s law of heat 
conduction: 
 

 (1) 
 
where /Wm-1K-1 is the coefficient of heat conductivity, /kgm-3 
is the density, c/Jkg-1K-1 is the specific heat capacity. 

Characteristic initial condition is: 
 

 (2) 
 
where Ts/K is the surface temperature, Tf/K is the quenchant 
temperature, /Wm-2K-1 is the heat transfer coefficient. 

Solution of equation (1) can be found out using the finite 
volume method [10,11]. Transient temperature field in an 
isotropic rigid body can be defined by 2-D finite volume 
formulation (Fig. 1): 
 

 (3) 
 

 
 
where 0

ijT /K is the temperature in the beginning of time step t, 
1

ijT /K is the temperature in the end of time step t, t/s is the time 
step, bij = ( ijcij Vij)/ t, Vij/m3 is the volume of the control 
volume, bI(i+n)j = WI(i+n)j

-1 and bJi(j+n) = WJi(j+n)
-1, where variables 

WI(i+n)j and WJi(j+n) are the thermal resistances between ij and 
(i+k)j volume and between ij and i(j+k) volume. 
 

 (4) 
 

 (5) 
 

Thermal resistances for boundary volume are: 
 

 (6) 

 (7) 
 
where Ts/Wm-2K-1 is the heat transfer coefficient at the boundary 
temperature Ts, and cos  is the direction cosines of heat flux. 

Discretization system has N linear algebraic equations with N 
unknown temperatures of control volumes, where N is total 
number of control volumes. Time of cooling from Ta to specific 
temperature in particular point is determined as sum of time steps, 
and in this way, the diagram of cooling curve in every grid-point 
of a specimen is possible to found out. 
 

 (8) 
 
where M is the number of time steps during the cooling from 800 
to 500°C. 
 

 
 

Fig. 1. Control volume 
 

Before setting of model of temperature field change in an 
isotropic rigid body input data, i.e., specific heat capacity of steel, 
c, heat conductivity coefficient of steel, , steel density, , heat 
transfer coefficient of quenchant,  must be consistent with the 
achieved results of microstructure and mechanical properties. 
Optimization of input data should be done according to achieved 
results. 
 
 

3. The calibration of input data 
involved in mathematical model of 
transient temperature field 
 

Variable  for steel is equal ~ 7800 kgm-3. Accepted values of 
specific heat capacity, c are shown in Table 1 [12]. 

If the variables  and c were accepted, variable  and specially 
variable  must be estimated, i.e., calibrated according to 
variables  and c. 

The input values of heat transfer coefficient have been 
optimized using Crafts-Lamont diagrams. Optimization was done 
for large spectra of a specimen bar diameter. Estimation of heat 
transfer coefficient was provided by varying of heat transfer 
coefficient values in the established model of cooling of steel bar.  

 

Table 1. 
Accepted values of specific heat capacity 

 Temperature, 
/°C 

Ferrite + Pearlite 
(Bainite) MartensiteAustenite

Specific heat 
capacity, 
c/(J/kgK) 

0 378 376 415 
300 446 445 440 
600 509 507 467 
800 570 - 490 
950 596 - 520 

 
Table 2. 
Calibrated values of heat transfer coefficient 

Temperature, /°C 19.5 322 415 553 950 
Heat transfer 

coefficient, /Wm-2K-1 498 645 1533 829 696 

 
For different Grossmann severity of quenching and different 

bar diameters the cooling time from 800 to 500°C was calculated in 
different distance from bar surface. After that the distance from 
a quenched end of Jominy specimen was estimated using a relation 
which exists between cooling time from 800 to 500°C and distance 
from a quenched end of Jominy specimen (Fig. 2) [13].  

 
 

Fig. 2. Conversion of the cooling time t8/5 to the hardness 
 
 

Calculated values of distances from a quenched end of Jominy 
specimen have been compared with those evaluated by Crafts-
Lamont diagrams. 

Temperature field change of specimen was calculated for 
radius position r/R=0, r/R=0.5 and r/R=0.9. Relative differences 
between distance from a quenched end of Jominy specimen 
estimated by modelling and by Crafts-Lamont diagrams were 
negligible, relative errors were less than 10%. Calibrated values 
of heat transfer coefficient,  for Grossmann severity of 
quenching H=0.35 are presented in Table 2. 

 
 
Table 3. 
Regression relations between heat conductivity coefficients and hardenability properties 

Microstructure Temperature, 
/°C Heat conductivity coefficients/(W/mK) 

Ferrite + Pearlite 
(Bainite) 

20 20HRC
9HRC29.063

max

d
max20B20PF

E

(9a)

300 20HRC
8.4HRC14.051

max

d
max300B300PF

E

 (9b)

500 20HRC
4.2HRC08.042

max

d
max500B500PF

E

 (9c)

800 20HRC
2.1HRC02.031

max

d
max800B800PF

E

 (9d)

Martensite 

20 20HRC
9HRC29.063

max

d
max20M

E

(10a)

300 20HRC
3.4HRC13.045

max

d
max300M

E

(10b)

500 20HRC
2.2HRC07.037

max

d
max500M

E

(10c)

Austenite 

20 20HRC
8.2HRC09.019

max

d
max20A

E

(11a)

300 
20HRC

1.2HRC06.022
max

d
max300A

E
(11b)

500 
20HRC

6.1HRC05.026
max

d
max500A

E
(11c)

800 20HRC
1.1HRC02.029

max

d
max800A

E

(11d)
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analysis of cooling curve. In this way physical properties are 
adjusted or calibrated with the results of quenching. Physical 
properties predicted by this method are usable for large spectra of 
quenchants with the same intensity of cooling, and for large 
spectra of steels [9]. 
 
 

2. Mathematical modelling of cooling 
 

The temperature field change in an isotropic rigid body 
without heat sources can be described by Fourier’s law of heat 
conduction: 
 

 (1) 
 
where /Wm-1K-1 is the coefficient of heat conductivity, /kgm-3 
is the density, c/Jkg-1K-1 is the specific heat capacity. 

Characteristic initial condition is: 
 

 (2) 
 
where Ts/K is the surface temperature, Tf/K is the quenchant 
temperature, /Wm-2K-1 is the heat transfer coefficient. 

Solution of equation (1) can be found out using the finite 
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formulation (Fig. 1): 
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temperature Ts, and cos  is the direction cosines of heat flux. 
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number of control volumes. Time of cooling from Ta to specific 
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where M is the number of time steps during the cooling from 800 
to 500°C. 
 

 
 

Fig. 1. Control volume 
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Simultaneously with estimation of heat transfer coefficient for 
different Grossmann severity of quenching, heat conductivity 
coefficients have been estimated. 

Regression relations between heat conductivity coefficients 
for different temperature and hardenability properties are 
expressed by the equations (9), (10) and (11) in Table 3. In  
Table 3 HRCmax is maximum hardness in Jominy curve, and Ed is 
distance from a quenched end of Jominy specimen with 50% of 
martensite in the microstructure. Distance Ed was estimated by the 
Jominy curve based on hardness of steel with 50% of martensite 
in the microstructure. Hardness of steel with 50% of martensite in 
the microstructure was calculated by: 
 

maxM50 HRC73.0HRC  (12) 
 
 

 
 

Fig. 3. Contents of ferrite, pearlite, bainite, martensite and 
austenite at some temperature 
 
 

Heat conductivity coefficients of microconstituents (ferrite, 
pearlite, bainite, martensite, austenite) at some temperature which 
is between noticed temperature in Table 3 was estimated by 
interpolation. Total heat conductivity coefficients of steel at some 
temperature,  were estimated by: 
 

100/AAMMBBPFPPFFT xxxxx  (13) 
 
where xF, xP, xB, xM, xA are contents, and (F+P) , B , M , A  are 
heat conductivity coefficients of ferrite + pearlite, bainite, 
martensite and austenite at temperature, , respectively. Contents 

of ferrite, pearlite, bainite, martensite and austenite at some 
temperature can be estimated using the diagram in the Fig. 3. 

 
Characteristic cooling times in Fig. 3 are equal to: 

 

M951 tt  (14a) 
 

M95M50M952 loglog25.0logexp tttt  (14b) 
 

M95M50M953 loglog75.0logexp tttt  (14c) 
 

M50P100M504 loglog25.0logexp tttt  (14d) 
 

M50P100M505 loglog75.0logexp tttt  (14e) 
 

P100P50P1006 loglog25.0logexp tttt  (14f) 
 

P100P50P1007 loglog75.0logexp tttt  (14g) 
 
where tM95, tM50, tP100, tP50 are cooling time from 800 to 500°C for 
characteristic points in Jominy specimen with 95% of martensite, 
50% of martensite, 100% of pearlite and 50% of pearlite in 
microstructure, respectively. The times tM95, tM50, tP100, tP50 was 
estimated by the conversion of distance from a quenched end of 
Jominy specimen (Jominy distance) of characteristic 
microstructure composition to cooling time, t8/5 by using both, the 
relation between cooling time, t8/5 and Jominy distance and the 
Jominy hardenability curve. The diagram of Jominy distance vs. 
cooling time, t8/5 is shown in Fig. 2. Cooling time between 800 
and 500°C should be estimated by extrapolation if the temperature 
in specimen point is higher than 500°C. 

If hardnesses of characteristic microstructure are known, 
characteristic Jominy distance can be found out using the Jominy 
test results. Hardness of characteristic steel microstructure was 
calculated by equations (15) shown in Table 4. 
 
Table 4. 
Hardness of characteristic steel microstructure 

Microstructure Hardness 
95% martensite 

+ 5% bainite maxM95 HRC93.0HRC            (15a)
50% martensite 
+ 50% bainite maxM50 HRC73.0HRC            (15b)

100% pearlite 100HV2308.0HV maxP100        (15c)
50% pearlite 
+ 50% ferrite

100HV1504.0HV maxP50        (15d)
 
Characteristic temperatures in diagram shown in Fig. 3 are 

equal to: 
 

fss1 75.0 MMMT  (16a) 
 

fss2 25.0 MMMT  (16b) 

 

sss3 75.0 MBBT  (16c) 
 

sss4 25.0 MBBT  (16d) 
 

s115 75.0 BAAT  (16e) 
 

s116 25.0 BAAT  (16f) 
 

1337 75.0 AAAT  (16g) 
 

1338 25.0 AAAT  (16h) 
 
where Ms is temperature of start of martensitic transformation; Mf 
is temperature of finish of martensitic transformation; Bs is 
temperature of start of bainitic transformation; A1 is equilibrium 
temperature of eutectoid transformation; A3 is equilibrium 
temperature at which transformation of austenite to ferrite begins. 

  
Between critical temperatures A3, Bs, Ms and Mf of austenite 

decomposition and hardenability properties, regression relations 
are established: 
 

20HRC
620HRC04.0862

max

d2
.max3

EA
 (17a) 

 

20HRC
6.3020HRC02.0586

max

d2
maxs

EB
 (17b) 

 

20HRC
920HRC09.0502

max

d2
maxs

EM
 (17c) 

 

20HRC
920HRC2.0502

max

d2
maxf

EM
 (17d) 

 
It was accepted that equilibrium temperature of eutectoid 

transformation A1 is equal to 721°C. 
 
 

4. Application example 
 
The model was experimentally tested for the steel specimen 

with complex form made of steel EN 37Cr4. Geometry of steel 
specimen is shown in Fig. 4. The chemical composition of 
investigated steel specimen is: 0.36% C, 0.26% Si, 0.75% Mn, 
0.012% , 0.016% S, 1.05% Cr. Jominy test results of the 

investigated steel are shown in Table 5. The specimen was 
quenched from 850°C for 45 min/oil with Grossmann severity of 
quenching H=0.35. 

The distribution of hardness of the quenched steel specimen is 
shown in Fig. 5. Hardness distribution of the quenched steel 
specimen is calculated using the computer software  
BS-QUENCHING. Numerically and experimentally estimated 
hardness HRC in critical locations 1-4 (Figs. 4 and 5) of the 
quenched steel specimen are shown in Table 6. A difference 
between experimentally and numerically estimated hardness has 
been negligible (Table 6). 
 

 
 

Fig. 4. Geometry of steel specimen 
 

 
 

Fig. 5. Hardness distribution in the quenched steel specimen
 
 
Table 5. 
Jominy test results of steel EN 37Cr4 

Jominy distance/mm 1.5 3 5 7 11 15 20 25 30 40 50 

Hardness HRC 55 55 53 51 44 39 34 31 30 28 27 
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Simultaneously with estimation of heat transfer coefficient for 
different Grossmann severity of quenching, heat conductivity 
coefficients have been estimated. 

Regression relations between heat conductivity coefficients 
for different temperature and hardenability properties are 
expressed by the equations (9), (10) and (11) in Table 3. In  
Table 3 HRCmax is maximum hardness in Jominy curve, and Ed is 
distance from a quenched end of Jominy specimen with 50% of 
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Fig. 4. Geometry of steel specimen 
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Hardness HRC 55 55 53 51 44 39 34 31 30 28 27 

4.	Application example
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Table 6. 
Numerically and experimentally estimated hardness in critical 
locations of quenched steel specimen 

Critical location 
in Fig. 5 

Hardness HRC 
Numerically Experimentally 

1 49 46 
2 42 44 
3 48 48 
4 49 47 

 
 

5. Conclusion 
 
Accuracy of mathematical modelling of steel quenching 

directly depends on correctness of input variables applied in 
model. Variable has to be ca1ibrated if it is accepted from 
literatures. Moreover, all of the variables applied in model should 
be calibrated, or indirectly estimated based on experiment by 
some of inversion method. Numerical simulation of quenching, 
with application of calibrated heat transfer data, is a generalized 
way of simulation and largely applicable in design offices. 

In proposed method of evaluation of input data in 
mathematical model of quenching density and specific heat 
capacity of steel have been accepted from literature. Heat transfer 
coefficient and heat conductivity coefficient have been 
successfully calibrated by using Crafts-Lamont diagrams. 

Moreover, the mathematical model of steel quenching has 
been developed to predict the hardness distribution in a specimen 
with complex geometry. The model is based on the finite volume 
method. The numerical simulation of quenching is consisted of 
numerical simulation of transient temperature field change of 
cooling process and of numerical simulation of hardening. 
Hardness in specimen points was calculated by the conversion of 
calculated time of cooling from 800 to 500°C e to hardness. The 
established mathematical model was applied in computer 
simulation of hardness distribution in steel shaft. It can be 
concluded, that by proposed method hardness in quenched steel 
specimen can by successfully calculated.  
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